Abstract. For every smooth projective variety over an infinite field F we define its fundamental polynomial in
Introduction
Let Sm(F ) be the category of smooth quasi-projective varieties over a field F . M. Levine and F. Morel have defined in [7] an oriented cohomology theory over F as a contravariant functor A * from the category Sm(F ) to the category of graded commutative rings satisfying certain properties (see section 2). Examples of the oriented cohomology theories are K * given by the Grothendieck rings of varieties in Sm(F ) (Example 2.2) and H * given by the Chow rings (Example 2.1).
It is proved in [7] that if char F = 0 (resolution of singularities is used) then there exists a universal oriented algebraic cobordism cohomology theory Ω * . For every oriented cohomology theory A * there is unique morphism of cohomology theories Ω * → A * commuting with the push-forward homomorphisms. For a variety X ∈ Sm(F ) the group Ω * (X) is generated by the classes [f ] corresponding to projective morphisms f : Y → X in Sm(F ). The homomorphism Ω * (X) → A * (X) takes the class [f ] to f A (1 Y ), where f A is the push-forward homomorphism in A * . Thus, the image of the morphism Ω * (X) → A * (X), which we denote by A H X ∈ Z[b] and prove that for any infinite field F the fundamental polynomials of all projective X ∈ Sm(F ) generate the same ring -the Lazard ring Laz considered as a subring of Z[b]. The fundamental polynomials F H X do not change under field extensions (and therefore can computed over an algebraic closure of F ); nevertheless, they keep track of an arithmetic information on X. Namely, all the coefficients of F H X are divisible by the greatest common divisor of the degrees [F (x) : F ] of all closed points of X. For example, existence of division algebras of a given dimension over an extension of F explains the fact that the fundamental polynomial of the projective space P n F is divisible by n + 1 in Z[b] (Example 3.7), the well known fact in topology (see [9, Ch. VII] ).
In section 9 we prove that characteristic classes of vector bundles over X ∈ Sm(F ) take values in the subgroup A * c (X) ⊂ A * (X). We use this result in section 10 where we study the Landweber-Novikov operations on Laz. In section 11 we introduce ideals I(X) ⊂ Laz for every projective variety X ∈ Sm(F ), consisting of the fundamental polynomials of all projective varieties Y ∈ Sm(F ) such that there is a morphism Y → X (defined over F ). We prove that the ideal I(X) is invariant under the Landweber-Novikov operations and so are all the associated prime ideals. Invariant prime ideas were described by Landweber in [5] . Based on this description one can associate to every projective variety X ∈ Sm(F ) and every prime integer p an integer n p (X) ∈ {0, 1, . . . , ∞}. Inequality n p (Y ) > n p (X) for some prime p is an obstruction for existence of a morphism Y → X defined over F .
Although the paper is purely algebraic, the most of the constructions are borrowed from topology. The class [−T X ] ∈ K 0 (X) of the tangent bundle T X over X is a replacement for the stable normal bundle of X. The tilde operation is analogous to the wedge product with the Thom spectrum M U . The embedding of the Lazard ring into Z[b] is the Hurewicz homomorphism π * (M U ) → H * (M U ). The Landweber-Novikov operations are induced by those on the spectrum M U .
Definition of an oriented cohomology theory
Let F be a field, Sm(F ) the category of smooth quasi-projective varieties over F . Let A * be a functor from Sm(F ) op to the category GrRings of Z-graded commutative rings. For a morphism f : Y → X in Sm(F ) the (pull-back) ring homomorphism A * (f ) is denoted by f A . An oriented cohomology theory over F (see [7] ) is a functor
together with a graded (push-forward) group homomorphism
for every projective morphism f : Y → X in Sm(F ) of pure codimension d, satisfying the following:
(i) For a pair of projective morphisms f :
(ii) Let E → X be a vector bundle over X ∈ Sm(F ) of rank r, P(E) → X associated projective bundle. Then A * P(E) is a free A * (X)-module with basis 1, ξ, ξ 2 , . . . , ξ r−1 , where ξ = s A s A (1 P(E) ), and s is the zero section of the tautological line bundle over P(E).
be a transverse Cartesian square in Sm(F ) with f a projective morphism, i.e. the sequence of tangent bundles over Y
(iv) Let p : V → X be an affine bundle (a torsor for a vector bundle over X).
(v) (Projection formula) Let f : Y → X be a projective morphism in Sm(F ). Then for every a ∈ A * (X) and
The ring A * (pt), where pt = Spec(F ), is called the coefficient ring of A * . For every X ∈ Sm(F ), A * (X) is an algebra over A * (pt). 
, where f * is the push-forward homomorphism in algebraic K-theory. We have also
Let p : X → pt be the structure morphism. If X is projective of dimension d, we define the fundamental class [X] A of X in the theory A as the element 
Proof. Consider Cartesian transverse square
For every smooth variety X consider the graded subgroup A * c (X) in A * (X) generated by the elements f A (1 Y ) for all projective morphisms f :
is generated by the fundamental classes [X]
A for all smooth projective varieties X. Proposition 2.3 shows that A * c (pt) is a subring in A * (pt).
Chern classes
Let p : L → X be a line bundle over X ∈ Sm(F ). We define the first Chern class of L in an oriented cohomology theory A * over F by
where s : X → L is the zero section of p (see [7] ). Since p • t = id X for every section t of p, we have t
Example 3.1. The first Chern class of a vector bundle E → X in K-theory is defined by
where s is the zero section of p, is transverse. Hence,
The standard method by Grothendieck (see [7] ) gives Chern classes c
for every vector bundle p : E → X of rank r. They satisfy the equation
where ξ is the first Chern class of the tautological line bundle over P(E).
A partition α = (α 1 , α 2 , . . . , α k ) is a sequence of integers (possibly empty)
The integer k is called the length l(α) of the partition α. Denote by p(d) the number of all partitions of degree d. For any partition α we define the "smallest" symmetric polynomial
containing the monomial x
where the σ i are the standard symmetric functions, and set
For example, c n = c (1,1,...,1) (n units). The characteristic classes c α with
Let A * be an oriented cohomology theory over a field F . For every element (characteristic class) c ∈ Z[c] and every vector bundle E over a variety X ∈ Sm(F ) there is a well defined class c A (E) ∈ A * (X). In particular, for every partition α there are generalized Chern classes
We define the characteristic polynomial of E in the theory A * by the formula
Assume that a vector bundle E → X has a filtration with line factors
Then it follows from definition of the generalized Chern classes that
Hence, by the splitting principle, for an exact sequence of vector bundles
The value of the i-th Chern class c i (E) is nilpotent for i > 0 (see [7] ), hence for every α = ∅, the class c A α (E) is also nilpotent. The constant term of the polynomial P
A (E) is equal to 1, so that the polynomial P A (E) is invertible in the polynomial ring A * (X) [b] . Thus, there is well defined group homomorphism
For a variety X ∈ Sm(F ) we define the characteristic polynomial of X in the theory A * :
where T X is the tangent bundle of X. Assume that X is projective. Let p : X → pt be the structure morphism. The polynomial
is called the the fundamental polynomial of X in the theory A * . The coefficients of the polynomial F A X , the elements p A c α (−T X ) ∈ A * (pt), are called the characteristic numbers of X in the theory A * . Clearly, the fundamental class
A is the constant term of the fundamental polynomial
is either zero or homogeneous of degree d. The class of the tangent bundle of the projective space
n is the class of a rational point, the polynomial F H P n is equal to the degree n part of the power series
Example 3.5. Note that for every vector bundle E over a variety X ∈ Sm(F ),
is the Todd number of X. For example,
Thus, every projective variety X ∈ Sm(F ) has the class F H X in Z [b] . Clearly, the class does not change under field extensions: for every field extension E/F the varieties X and X E = X × Spec F Spec E have the same class in Laz. Hence, if X and Y are twisted forms of each other (if they are isomorphic over a separable closure of F ), then
For a variety X ∈ Sm(F ) denote by n X the gcd of deg(x) = [F (x) : F ] over all closed points x ∈ X. By the very definition, for a projective variety X, all the coefficients of F H X (the characteristic numbers) are divisible by n X . We have proved Proposition 3.6. 1. For every projective variety X ∈ Sm(F ), the polynomial F H X is divisible by n Y for every twisted form Y of X E over a field extension E/F . 2. Let n be the gcd of all the coefficients of F H X for a projective variety X ∈ Sm(F ). Then X has a zero-cycle of degree n.
Example 3.7. For every d ∈ N and a field F there is a field extension E/F and a division algebra A over E of dimension (d + 1)
2 . Let Y be the SeveriBrauer variety over E corresponding to A (see [4] ). The variety Y if a twisted form of the projective space P 
Tilde operation
Let A * be an oriented cohomology theory over F . We associate to A * a new cohomology theory A * defined by
The structure of a graded ring on A * (X) is given by the one of the graded ring A * (X) and by assigning degree −|α| to every b α . In particular, for every
The pull-back homomorphism f
. The push-forward map f e A associated to a projective morphism f : Y → X is defined by
Proof. Let s : X → L be the zero section. The normal bundle of s is equal to L. Hence, 
and therefore, for every a ∈ A * (Y ), 
Formal group law of a theory
Let A * be an oriented cohomology theory over F . By [7] , there is unique commutative formal group law
over the coefficient ring A * (pt) with a
5(e)], Φ
H (x, y) = x + y is the additive group law. It follows from the description of the first Chern class in K-theory (Example 3.1) that Φ K (x, y) = x + y − xyt (called the multiplicative group law).
In the rest of the section we prove that the coefficients of the group law Φ A belong to the subring A * c (pt) ⊂ A * (pt).
Lemma 5.2. Let L can be the canonical line bundle over the projective space
Proof. Induction on n. Let p : P n F → pt the structure morphism, j :
is the canonical vector bundle over P n−1 F . Proposition 3.2 gives ξ = j A (1 P n−1 ), hence, by the induction hypothesis, of type (1, 1) for some n and m. Then
Proof. Let i : V → P n F × P m F be the embedding of V as a divisor. The corresponding line bundle is the tensor product L 1 ⊗ L 2 of two canonical line bundles on P n F and P m F respectively. Hence, by Proposition 3.2,
A and therefore,
Corollary 5.4. a (pt) for every k ≥ 1.
K-theory versus Chow theory
A relation between K-theory and (rational) Chow-theory is given by the Chern character
for every X ∈ Sm(F ). It is the ring homomorphism defined by
for a vector bundle E → X [2, Ch. 15]. In particular, the homomorphism
is the evaluation at t = 1. For a projective morphism f : X → Y , by the classical Riemann-Roch formula [2, Th. 15.2], for every a ∈ K * (X):
where td ∈ Q[c] is the (rational) Todd characteristic class. Let X ∈ Sm(F ) be a projective variety of dimension d and p : X → pt the structure morphism. Applying the Riemann-Roch formula for p and a = c
where deg = p H is the degree homomorphism. 
Proof. 1. Let
2. By the first statement, the evaluation at t = 0 takes K c (pt) onto H c (pt). We need to prove injectivity of the evaluation. Let X 1 , . . . , X s ∈ Sm(F ) be projective varieties of the same dimension and m 1 , . . . , m s ∈ Z such that 
for every α, where p (i) : X i → pt is the structure morphism. But the sum
is a monomial in t and hence it is zero for every α. It follows that . Hypersurfaces V (n 1 , n 2 , . . . , n k ) ¿From now on we assume that the base field is infinite. We will use the following variant of Bertini theorem [3, Th.II.8.18]: Theorem 7.1. Let X be a smooth variety over an infinite field, L a very ample line bundle over X. Then there is a section of L with smooth zero divisor.
Let P be the product of projective spaces P n 1
Denote by L i the pull-back on P of the canonical vector bundle over P 
which is the zero divisor of a section of L.
Let i : V → P be the embedding. For an oriented cohomology theory A * over F , by Proposition 3.2,
Denote by q : P → pt the structure morphism. Hence,
We have then
Thus,
where Ψ A is the iterated group law of A. Assume that A * = H * , so that ξ = ξ i . We would like to compute the α-characteristic number of V for α = (n − 1), where n = n i , that is the coefficient of b n−1 in F H V . Assume that n i > 1 for at least two values of i, so that n − 1 ≥ n i + 1 for all i. Since ξ n i +1 i = 0, we can ignore the second multiple in (6). Hence deg c
We have proved
Now consider K-theory A * = K * . Let p be a prime integer. Assume that for some s, n i = p s−1 for every i and k = p, so that n = p s . We have
where v j are the standard symmetric functions on the ξ i . Note that the r.h.s. of (6) is a polynomial in the b α with the coefficients of the form q K P (v) , where P is a polynomial over Z. 1, 2, . . . , p − 1 and rewrite (6) modulo p:
is generated by the classes of projective spaces P n F and smooth hypersurfaces V (n, m). Proof. Let S be the set of all projective spaces P n F and smooth hypersurfaces V (n, m). Let p be a prime integer and d ≥ 1. If d = p s for any s, the proof of Lemma 7.5 shows the there is X ∈ S such that deg c
is not divisible by p is generated by the fundamental polynomials of projective spaces P n F and smooth hypersurfaces V (n, m).
Lazard ring
Let Laz be the Lazard ring, the coefficient ring of the universal (one-dimensional, commutative) group law [9, Prop. VII.5.3]. For a commutative ring R, the set of R-points is identified with the set of all formal group laws over R.
Denote the scheme Spec Z[b] by G. For a commutative ring R the set of R-points G(R) = Hom rings (Z[b], R) can be identified with the set of sequences (r 1 , r 2 , . . . ) of elements of R (r i being the image of the b i ) and therefore with the set of power series
The composition of power series makes G a group scheme over Z.
Thus, the group scheme G acts on the scheme Spec(Laz). Denote by
the formal inverse of
It is known that A (x, y) = exp Φ A (log x, log y). 
can be computed out of the formal group law by the formula [9, Prop. VII. 5.7] d log(x) = dx Φ y (x, 0) .
Hence, the classes of the projective spaces P n F can be expressed in terms of the a ij , so that F H P n ∈ Laz. By Lemma 5.3, F H V (n,m) ∈ Laz for every n and m. It follows from Corollary 7.12 that H c (pt) ⊂ Laz.
Conversely, the inclusion Laz ⊂ H c (pt) follows from Corollary 5.4 since Laz is generated by the coefficients a ij .
Thus, every projective variety X ∈ Sm(F ) has the class F H X in the Lazard ring Laz.
Values of characteristic classes
In this section we prove that characteristic classes in an oriented cohomology theory A * over F take values in A * c ⊂ A * . For X ∈ Sm(F ) denote by A * cl (X) the subgroup in A * c (X) generated by the elements i A (1 Z ), where i : Z → X is a smooth closed subvariety.
Proof. Let i : Z → X be a smooth closed subvariety. The restriction L = L| Z is very ample over Z. By Bertini theorem 7.1, there exists a section of L with the smooth zero divisor Z . Denote by j : Z → Z the embedding. Then by 
Let E be a vector bundle of rank r > 0 over X. Consider the projection p : P(E) → X and set
where L can is the canonical line bundle over P(E).
Lemma 9.3. For every i ≥ 0,
for some a j ∈ A * c (pt) and characteristic classes d j of degree j. Proof. By the splitting principle, we may assume that E is a subbundle of a trivial bundle E of rank n and the factor bundle E /E has a filtration by line bundles L 1 , L 2 , . . . . Let l : P(E) → P(E ) be the closed embedding, q : P(E ) → X the projection, L can the canonical line bundle over
We can consider l as a composition of closed embeddings of codimension 1 corresponding to the line bundles q * L k ⊗ L can . Hence, by Proposition 3.2,
We can compute c
Applying q A to (9) and using (10), we get the formula we need, since by We can express the Landweber-Novikov operations in terms of characteristic numbers in H. This is an analog of Novikov's formula [1, Th. I. 8.3] with the cobordism theory replaced by its approximation H. 
